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A procedure  is descr ibed  and re su l t s  a re  presented  of mathematical  modeling of t h r ee -  
dimensional  t empe ra tu r e  fields on hybrid e lec t r i ca l  combination s imula tors  with inte- 
gra ted microc i rcu i t s .  

The demands for more  accura te  the rmal  calculations inc rease  eve ry  year .  An increase  in the re l iab i l i ty  
and an improvement  of the quality of the e lements  a re  inseparably linked with optimization with r e spec t  to the 
the rmal  s ta te  in t rans ient  and s teady-s ta te  r eg imes .  These  r equ i remen t s  force one to seek new methods and 
to solve two- and th ree-d imens iona l  heat-conduction problems for bodies of complex shape with var iab le  t ime-  
and tempera ture-dependent  coeff icients  in both the basic equation and the boundary conditions of the mathemat i -  
cal model. For  the most  complex problems the only methods for  investigating t empera tu re  distributions in 
th ree-d imens iona l  s t ruc tu res  involve numer ica l  solutions on analog computers  with a p rocesso r  in the fo rm of 
a network or a combination e lec t r i ca l  model [1, 2]. These  models a re  a subroutine of special ized hybrid com-  
puters  permit t ing complete automation of the solution of field theory  problems descr ibed by second-o rde r  par -  
tial differential  equations [3]. 

In micromin ia tu re  e lements  of e lec t ronic  equipment s imi la r  to those shown ~n Fig. 1, th ree-d imens iona l  
t em pe r a tu r e  fields can be obtained only by mathematical  modeling. The introduction of any t em p e ra tu r e -  
measur ing  device leads to an inadmissible dis tor t ion of the t empera tu re  field, par t icu la r ly  inside the mic ro -  
element .  The thermal  c i rcui t  of a hybrid integrated mic roc i rcu i t  is a typical  example of a th ree-d imens iona l  
heat-conduction problem for an anisotropic  body of complex shape. The schematic  d iagram does not show the 
leads.  A special  study with th ree -d imens iona l  e lec t r ica l  models [4] showed that under cer ta in  conditions the 
effect  of the leads on t empera tu re  fields can be neglected. 
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F ig .  1. T h e r m a l  c i r c u i t  of  h y b r i d  i n t e g r a t e d  m i c r o c i r -  
cu i t :  1) c o v e r ;  2) a i r ;  3) s u b s t r a t e ;  4) a d h e s i v e ;  5 ) f l ange ;  
a - f )  c h a r a c t e r i s t i c  po in t s  on inne r  and o u t e r  s u r f a c e s .  
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F ig .  2. S c h e m a t i c  d i a g r a m s  of  t h r e e - d i m e n s i o n a l  n e t w o r k  and 
c o m b i n a t i o n  m o d e l s .  D i s c r e t e  r e s i s t o r s  (RA, R a )  a long  the  z 
ax i s  a r e  not  shown. The  do ts  on the f i v e - l a y e r  m o d e l s  a r e  
nodes  in t he  h e a t - s o u r c e  r e g i o n .  

T A B L E  1. V a r i a t i o n s  of  So lu t ions  on V a r i o u s  T y p e s  o f  
Ne twork  and C o m b i n a t i o n  Mode l s .  

Variant Type of No. of No. of nodes 
No. model planes in a plane au' al" ms 

R--R 
K--R 
K--R 
K--R 
k--~R 

K 
K 

48 
19 
19 
8 
8 

8; 8 
8; 8 ;8  

8; 8; 8; 8; 8 

Different 

Same ~ 
Different 

w 

Note.  K : k  =2 : 1. K and k a r e  d i f f e r e n t  s c a l e  c o m b i n a -  
t ion  m o d e l s ;  R i s  the  n e t w o r k  r e s i s t a n c e ;  the  n u m b e r  of  
the  v a r i a t i o n  i s  the  n u m b e r  of  the  c u r v e  in F ig .  3. 

The  m a t h e m a t i c a l  m o d e l  of  the  t h e r m a l  c o n d i t i o n s  of a t h r e e - d i m e n s i o n a l  a n i s o t r o p i c  s t r u c t u r e  can  be  
d e s c r i b e d  b y  the  fo l lowing  s y s t e m  of  equa t ions  in r e c t a n g u l a r  c o o r d i n a t e s :  

0 - ~ , / - -  + q~J = O, (1) 

T (x,, 0) = f (x~), (2) 
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OT 

On (3) 
OT 

- - ~ 0 o  
an (4) 

A mic roc i r cu i t  is  genera l ly  cooled f r o m  both s ides .  T h e r e f o r e ,  condition (4) holds only on the planes of 
s y m m e t r y  for the quar te r  of the  c i rcu i t  considered.  On all the r ema in ing  s u r f a c e s ,  condition (3) holds. At the 
su r f aces  of contact  of  the c i rcui t  e lements  (Fig. 1), matching conditions a re  spec i f ied  in the f o r m  of boundary 
conditions of ideal contact ,  

Ts ,j : Ts ,j-l; 

Speci fy ing ideal contact condi t ions is  opt ional .  
tacting surfaces can be taken into account. 

OT 

--ZJ~-~nls =-~'j-~'~aa-~ s" (5) 

The t he rma l  contact res is tance  and the heat re lease at the con- 
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Fig. 3. The dependence of | (deg. cm2/W) on the direction 
of heal; removal for various types of models ~'~d operating 
posi t ions of the mic roc i r cu i t .  See Table  1 for explanation of 
number s  on cu rves .  
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Fig. 4. Change of r e l a t ive  t e m p e r a t u r e  | (deg- cm2/W) as  a hmc-  
tion of(z ( W / m  3 �9 deg) a t t h e  cen te r  and on the pe r iphe ry  of var ious  
su r f aces  of a m ic roc i r cu i t  r = 1 .3a ,  ~ l  = 0.7~, a s  = ~); I) outer  s u r -  
face of cover ;  I1) upper  su r face  of subs t ra te ;  III) lower su r face  of 
flange; a-f} co r r e spond  to pgints a - f  of Fig. 1. 
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In our e a s e a  var ied  f r o m  5 to 50,000 W / m  2. ~ which enabled us to s imula te  cooling conditions f r o m  
natural  convection to semiconduct ive  cooling (boundary conditions of the f i r s t  kind). In o rde r  to take account of 
the di rect ion of heat  r e m o v a l  ( f rom above,  f rom below, or  f r o m  the side) it was a s s u m e d  that the mic roc i r cu i t  
ope ra t e s  in the posit ion shown in Fig. 1 w i t h a u = l . 3 a , C ~ l = O . 7 a ,  a n d a  s = a .  In our case  ~tji , cj ,  pj ,  qvj, a n d a  
a r e  functions of the coord ina tes ,  the t ime,  and the t empe ra tu r e ;  Ta  is a function of coordinates  and t ime.  The 
l ayer  of a i r  between the cover  and subs t r a t e  is taken into account.  The m a t e r i a l s  of the subs t ra te ,  cover ,  
flange, adhesive,  and a i r  l ayer  have widely different the rmophys ica l  p rope r t i e s ,  differing by one to two o r d e r s  
of magnitude. The heat source  is d is t r ibuted un i formly  over  a given volume or according  to the law av(xi,  "r). 
Special invest igat ions with s i m i l a r  s t ruc tu re s  having r e l a t ive ly  smal l  t h e r m a l  r e s i s t a n c e s  a c r o s s  the th ickness  
showed that the heat  r e l e a s e  can be s imula ted  a lso  by a su r face  heat  source  p rope r ly  d is t r ibuted over  a given 
a r e a  S of the subs t ra te .  In this ca se  the ma themat i ca l  model  (1)-(5) has boundary conditions of the second kind, 

OT 
q =--~'J~ o---~ (6) 

The th ree -d imens iona l  e lement  in Fig. 1, which is one quar te r  of the mic roc i rcu i t ,  cons is t s  of e l e m e n t a r y  
plates  - l aye r s  in which the t he rm a l  r e s i s t a n c e s  along the v e r t i c a l  (z axis) a r e  s e v e r a l  t imes  sma l l e r  than the 
t he rma l  r e s i s t a n c e s  in hor izontal  planes para l le l  to the x0y plane. In this  ca se  it is r easonab le  to cons t ruc t  a 
combinat ion e l ec t r i ca l  model with e lec t r i ca l ly  conducting paper  and a network of ohmic r e s i s t o r s  so that the 
planes of e l ec t r i ca l ly  conducting paper  s imula te  the e l ec t r i ca l  (i.e., the cor responding  thermal)  r e s i s t a n c e s  in 
hor izonta l  planes.  A plane of e l ec t r i ca l ly  conducting paper  can r ep l ace  a whole plate e lement  of the m i c r o -  
c i rcui t  or  s imula te  one of the e l emen ta ry  l a y e r s  into which the cover ,  a i r  l aye r ,  e tc . ,  a r e  divided. Special 
methodical  invest igat ions showed that it is sufficient to take one plane (Fig. 1) for each e lement  1-5 of the 
mic roc i rcu i t .  Moreover ,  by taking account of the t h e r m a l  r e s i s t a n c e  of the a i r  l ayer  along the z axis ,  it turns  
out that it is s a t i s f ac to ry  to r ep l ace  only the subs t ra te ,  adhesive,  and flange by such planes of e l ec t r i ca l ly  con-  
ducting paper .  * 

F igure  2 shows schemat ic  d iagrams  of t h ree -d imens iona l  models  having f r o m  one to five planes (a-h). 
We note that  even the model which has only one plane is a t h ree -d imens iona l  model.  In it, d i sc re t e  wi re-wound 
r e s i s t o r s  a r e  used to s imula te  t h e r m a l  r e s i s t a n c e s  for heat  conduction along the z axis (R~,z) and t h e r m a l  r e -  
s i s t ances  for ex terna l  heat t r a n s f e r  (Raz) at the upper  and lower outer  su r faces  of the mic roc i rcu i t .  In th is  
case ,  just  as in all  other  c a se s  involving a combinat ion of l aye r s  of m a t e r i a l s  with different ~,, c,  and p, the 
the rmophys ica l  p rope r t i e s  s imula ted  in such a t h r ee -d imens iona l  model a r e  the equivalent combined p r o p e r t i e s ,  
different  along different  axes.  These  equivalent p rope r t i e s  heq,  Ceq , and Peq a r e  calcula ted f r o m  re la t ions  
given, for example ,  in [5]. Incidentally,  it is appropr ia t e  to not-e that e l ec t r i ca l  models  s im i l a r  to those  de-  
s c r ibed  in this a r t i c l e  have been used success fu l ly  to de te rmine  Xeq, pa r t i cu l a r ly  when the ma te r i a l  cons i s t s  
of e lements  of  i r r e g u l a r  shape,  and the coeff icients  ~t of the e l emen ta ry  components  a r e  different  in different 
d i rec t ions ,  not only along different  coordinate  axes.  In each plane (Fig. 2) the number  of nodes was var ied  
depending on the l ikely t e m p e r a t u r e  gradients .  The spa t ia l  in terva ls  (e lementary  a r e a s  and volumes)  were  de-  
c r e a s e d  as the heat sou rce  was approached.  The number  of nodes in a plane was va r i ed  f r o m  8 to 49. The 
p a r a m e t e r s  of the combinat ion model  were  calculated f r o m  express ions  der ived  for a s y m m e t r i c  ne tworks  and 
combination m o d e l s  with nonuniform divisions [I]: 

Rz = Irn------K--R ; R~ t n R 6 ~  ; R~ = mR 
Zj,S cpv aS  

Rq v = (V.,, - -  V,~) mR ; R~ = ( V M -  Vm) mR 
q~vmv qSmv 

(7) 

In Eqs. (7), l, S, and v a r e  e l e m e n t a r y  lengths,  a r e a s ,  and volumes  which a r e  genera l ly  different for each node 
of the network.  The p rocedure  for solving field theory  p rob l ems  on a s y m m e t r i c  ne tworks  (networks with non- 
un i form divisions) is s imi l a r  to the p rocedure  used in the method of finite e lements .  In the f in i te -e lement  
method the conserva t ion  laws a r e  genera l ly  wri t ten in var ia t iona l  fo rm,  but in e l ec t r i ca l  models  with a s y m -  
m e t r i c  divis ions they a r e  wri t ten  in balance  form.  The p a r a m e t e r s  of  network or combinat ion models  with 
capaci t ive  and /or  c u r r e n t - c a r r y i n g  e lements  were  calcula ted f r o m  the following express ions :  

lq~ = qovmv/mR; l q = qSmv/mR; 
(s) 

C = cpvrn,/mR; m,  = ReC/R,cpv. 

' ; F r o m  now on we use  the word  planes to mean planes of e l ec t r i ca l ly  conducting paper .  
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The dots in Fig. 2e -h  show the locat ions of the nodes in the va r ious  planes of  the f i ve - l aye r  model  in reg ions  
above and below the source .  A s i m i l a r  division of a plane into e lements  and a p rocedure  for connecting the 
nodes for unequal e l e m e n t a r y  a r e a s  in para l le l  planes p e r m i t s  a s h a r p  d e c r e a s e  in the number  of nodes in the 
model  while mainta ining a given accuracy .  F igure  3 shows the m a x i m u m  re la t ive  t e m p e r a t u r e  | = (TM - Ta  }/ 
qv for  one value of a as a function of the direct ion of heat  r e m o v a l ,  the  type of model ,  the number  of p lanes ,  
and the number  of nodes in a plane. A model consis t ing of a network of r e s i s t o r s  is denoted by R - R .  A model 
combining an R - R  network (region A of Fig. 2a) and e l ec t r i ca l l y  conducting paper  (region B of Fig. 2a} is de- 
noted by K - R  or  k - R ,  depending on the sca l e s  of the combinat ion models  (k : K =1 : 2}. The data of  Fig. 3 show 
that  the r e s u l t s  of the t h r e e - d i m e n s i o n a l  model with t h r ee  planes a r e  c lose  to those of the model  with five 
planes.  In the  t h r e e - l a y e r  model  the values  of  1~  a r e  taken into account in all  d i rec t ions  only in the subs t r a t e ,  
adhesive,  and flange; R~x and R~y  a r e  not taken into account in a i r  and the cover .  In the f i ve - l aye r  model R~. 
is taken into account  for a i r  and the cover  in the hor izonta l  plane. A c o m p a r i s o n  of data  for the t h r e e -  and 
f ive - l ayor  models  indicates  that because  of  the smal l  t h e r m a l  conductivity of a i r  one could take account only 
of  R~,z for a i r  and R~tz for the cover .  Of cou r se ,  the value used  for  the t h e r m a l  conductivity of a i r  took account 
of  convect ion in the thin l ayer .  

As noted above,  the values  used for au ,  ~ l ,  a n d a s  depended on the opera t ing  posit ion of the mic roc i r cu i t :  
a u = l - 2 ~ ,  ~l = 0.Ta,  and Ws=~ .  F igu re  3 shows that the value of @M depends on the di rect ion of heat  r e m o v a l  
(in al l  d i rec t ions ,  upward,  downward, toward the side,  etc.), the type of model ,  the number  of planes,  the num-  
b e r  of nodes in a plane,  and whether  the values  of ~ a r e  identical  o r  depend on the opera t ing  posit ion of the 
mic roc i rcu i t .  Special invest igat ions showed that w h e n a  is va r i ed  f rom 5 to 50,000 W / m  2" ~ the conclusions 
about  the op t imum direct ion of heat  r e m o v a l  a r e  changed because  of  the change of the r a t ios  of R~ in va r ious  
d i rec t ions  and I ~ .  Mathemat ica l  model ing of t h r ee -d imens iona l  t e m p e r a t u r e  fields on e l ec t r i ca l  s imula to r s  
enables  one not only to obtain in te res t ing  h e a t - e n g i n e e r i n g r e s u l t s ,  but also to op t imize  with r e s p e c t  to accu racy ,  
solution t ime ,  cos t  of  solution, and f in i te -d i f fe rence  models  of Eqs. (1)-(6)when a l l - pu rpose  digital c o m p u t e r s  
a r e  used to solve the equations.  Models which give m a x i m u m  accu racy  for a min imum number  of nodes a r e  
defined as  opt imal .  The choice of  a ccu racy  depends on the pa r t i cu la r  t h e r m a l  problem.  It is quite c l ea r  that  
to op t imize  a product  or  its opera t ing  conditions the a c c u r a c y  of the calculat ion must  be much higher (an e r r o r  
of no m o r e  than • 1%) than in sketchy designs  (admiss ible  e r r o r  • 10-25%}. 

F igure  3 shows also that compl ica t ing  the model  by increas ing  the number  of planes or  the number  of 
nodes in a plane does not n e c e s s a r i l y  affect  the m a x i m u m  t e m p e r a t u r e .  Analys is  of t h r ee -d imens iona l  fields 
by a mic roc i r cu i t  showed that  this  inde te rminacy  a r i s e s  f r o m  the an iso t ropy  of p rope r t i e s  and f r o m  the v a r i e t y  
of  r a t i o s  of  internal  and externa l  t h e r m a l  r e s i s t a n c e s  which is cha r ac t e r i s t i c  of such products .  Pa r t i cu la r  
at tention mus t  be  paid to the choice of the t h e r m a l  c i rcui t  for  var ia t ions  of ~ and q and changes in the d i r ec -  
t ions  of  heat  r emova l .  In a number  of c a se s  for heat  r e m o v a l  f r o m  one s ide ,  not only two-d imens iona l ,  but 
a lso  one-d imens iona l  heat-conduct ion p rob l ems  can be  studied on the ma themat i ca l  model.  

A compar i son  of cu rves  2 and 3 of Fig. 3 shows that | is affected by the t rans i t ion  f r o m  constant  
va lues  of a on the outer  cooled s u r f ace s  to different  va lues  o f ~ ,  taking account of the opera t ing  position of the 
m i c r o c i r c u i t  (~u =l.3w,al =0.7~,  and~  s =~) .  Of cou r se ,  the magnitude of this effect  depends on the direct ion 
of heat  r emova l .  Study of t h r ee -d imens iona l  t e m p e r a t u r e  f ields has es tab l i shed  that for cooling f rom one side 
both the choice of the d i rec t ion of heat  r e m o v a l  (it is des i r ab le  to cool the side with min imum Rh) and the value 
of a a r e  pa r t i cu l a r ly  impor tant .  Fo r  values  of a which a r e  c h a r a c t e r i s t i c  for na tura l  convection,  a change in 
a by  10-30% has a definite effect  on | 

It is typical  that  an i nc r ea s e  in the number  of  planes and nodes does not ensure  an i nc rea se  in the ac -  
c u r a c y  of the solution. Fo r  example ,  a model  with two planes (curve 6 of Fig. 3) gives values  of | lying be -  
tween the values  for the one-  and f ive - l aye r  models .  Such "paradoxes"  occur  r a t h e r  frequently in n u m e r i c a l  
s tudies  of  complex  heat-conduct ion p rob l em s  [6]. In the p resen t  case  this paradox a r i s e s  f r o m  the change in 
the ra t io  of  the t h e r m a l  r e s i s t a n c e s  when the auisot ropic  volume is divided into 1, 2, 3, and 5 e l emen ta ry  
l aye r s .  It can be  seen  f r o m  Fig. 3 that the changes in @M a re  subs tant ia l  and depend on the direct ion of heat  
r emova l .  Changes in the d i rec t ion of heat r e m o v a l  cause  r ad ica l  changes in t h e r m a l  r e s i s t a n c e s  f r o m  the 
sou rce  to the cooling su r f aces .  

The r e m o v a l  of heat  in only one direct ion (especia l ly  upwards  o r  la tera l ly)  leads  to a ca tas t roph ic  in-  
c r e a s e  in @M. This  r e s u l t s  not only in a sha rp  d e c r e a s e  in the re l i ab i l i ty  of the e lement  [7], but can lead to 
p rompt  breakdown even when opera t ing  at powers  5-10% of nominal .  

The determinat ion of t h r ee -d i m ens i ona l  t e m p e r a t u r e  fields on combinat ion e lec t r i ca l  models  enables one 
to e s t ima te  the t e m p e r a t u r e  drops  a c r o s s  the outer  su r f aces  of a m ic roc i r cu i t  whether  they a r e  cooled or  not. 
F igure  4 shows t e m p e r a t u r e  changes  at ce r t a in  c h a r a c t e r i s t i c  internal  points ":~ ~ ~: regio~ of the heat  source ,  
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on the subs t ra te ,  and on the upper and lower sur faces  of a microc i rcu i t .  It is c lear  that the t empera tu re s  on 
the outer  surfaces  va ry  considerably  f rom the center  to the per iphery.  These  drops make a substantial  change 
in the so-ca l led  thermal  r e s i s t ance  of the microc i rcu i t .  The the rma l  r e s i s t ance  of the whole mic roc i rcu i t ,  de- 
t e rmined  exper imenta l ly  or  calculated by assuming equality of the t empera tu re s  of the outer  sur faces  of the 
elements  of e lec t ronic  equipment,  a re  considerably different  f rom the actual values.  This difference increases  
with increasing hea t - t r ans fe r  coefficients (cf. Fig. 4). Figure  4 shows the effect  of a on O for cooling f rom all 
sides.  Similar data axe obtained in other var ia t ions of heat removal .  Optimization of the elements  with r e s pec t  
to t empera tu re s  and optimization of operat ing conditions must be per fo rmed  by s tar t ing f rom the t h r ee -d imen-  
sional t empera tu re  distr ibut[ons.  Only La this way is it possible to achieve a sharp  increase  in the re l iab i l i ty  
of apparatus,  which changes substant ial ly with each degree  r i s e  in the maximum tempera tu re .  According to 
s ta t is t ical  data [7], for each 10 ~ r i s e  in t empera tu re  the re l iab i l i ty  on the average dec reases  by 25%. T h e r e -  
fore ,  e lec t r ica l  s imulators  permit t ing highly accura te  investigations of three-d imens ional  t empera tu re  fields 
under various conditions a re  indispensible in the design of elements  of e lec t ronic  apparatus.  

NOTATION 

T, temperature; V, voltage; C, capacitance; R, resistance; I, current; m R =Re/RT, m v = (Vma x - Vmin)/ 
Crma x - Train) , m , r = ~ e / r T ,  scales  of e lec t r ica l  and the rma l  quantit ies:  r e s i s t ances ,  potentials,  and t imes;  
i =1, 2, 3; j ,  number  of different  components;  m, number  of node. Indices: u, upper;  l ,  lower;  s,  side; T, 
thermal ;  e, e lec t r ica l ;  M, maximum; s, surface;  a, ambient .  
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